HOMOGENEOUS APPROXIMATION 
RECURSIVE OBSERVER DESIGN AND OUTPUT FEEDBACK 



VINCENT ANDRIEU*, LAURENT PRALYt, AND ALESSANDRO ASTOLFit 

Abstract. We introduce two new tools that can be useful in nonlinear observer and output 
feedback design. The first one is a simple extension of the notion of homogeneous approximation 
to make it valid both at the origin and at infinity (homogeneity in the bi-limit). Exploiting this 
extension, we give several results concerning stability and robustness for a homogeneous in the 
bi-limit vector field. The second tool is a new recursive observer design procedure for a chain of 
integrator. Combining these two tools we propose a new global asymptotic stabilization result by 
output feedback for feedback and feedforward systems. 

1. Introduction. The problems of designing globally convergent observers and 
globally asymptotically stabilizing output feedback control laws for nonlinear systems 
have been addressed by many authors following different routes. Many of these ap- 
proaches exploit domination ideas and robustness of stability and/or convergence. In 
view of possibly clarifying and developing further these techniques we introduce two 
new tools. The first one is a simple extension of the technique of homogeneous ap- 
proximation to make it valid both at the origin and at infinity. The second tool is a 
new recursive observer design procedure for a chain of integrator. Combining these 
two tools we propose a new global asymptotic stabilization result by output feedback 
for feedback and feedforward systems. 

To place our contribution in perspective, we consider the system for which we 
want to design a global asymptotic stabilizing output feedback : 

(1.1) ±1 = X2 , ±2 = U + S2{xi,X2) , y ^ Xi , 

where (see notation (II. 4p ') : 

(1.2) 62ixi,X2) = CqxI + C00X2 , (co,Coo) e , p > q > . 

and the problem of designing a globally stabilizing output feedback controller. 

In the domination's approach, the nonlinear function 62 is not treated per se in 
the design but considered as a perturbation. In this framework the output feedback 
controller is designed on the linear system : 

(1.3) ±1^X2, ±2 = u , y = xi , 

and will be suitable for the nonlinear system (|l.ip provided the global asymptotic 
stability obtained for the origin of the closed-loop system is robust to the nonlinear 
disturbance 62- For instance, the design given in [T^l [H] provides a linear output 
feedback controller which is suitable for the nonlinear system (jl.ip when q = 1 and 



*V. Andrieu (vincent.andrieu@gmail.com) is with LAAS-CNRS, University of Toulouse, 31077 
Toulouse, France. This work has been done while he was in Electrical and Electronic Engineering 
Dept, Imperial College London. 

^L. Praly (Laurent.Praly@ensmp.fr) is with the Centre d'Automatiquc et Systemes, Ecole dcs 
Mines de Paris, 35 Rue Saint Honore, 77305 Fontainobleau, Franco. 

t A. Astolfi (a.astolfi@ic.ac.uk) is with the Electrical and Electronic Engineering Dept, Imperial 
College London, London, SW7 2AZ, UK and with Dipartimcnto di Informatica Sistomi e Produzione, 
University of Rome Tor Vergata, Via del Politccnico 1, 00133 Roma, Italy. The work of A. Astolfi 
and V. Andrieu is partly supported by the Leverhulme Trust. 



1 



Coo = 0. This result has been extended recently in |26] employing a homogeneous 
output feedback controller which allows to deal with p > I and cq = 0. 

Homogeneity in the bi-limit and the novel recursive observer design proposed in 
this paper allow us to deal with the case in which cq ^ and Cco 7^ 0, . In this case, 
the function 62 is such that : 

1. when \x2\ is small and q = 1, S2{x2) can be approximated by cqX2 and the 
nonlinearity can be approximated by a linear function; 

2. when \x2\ is large, S2{x2) can be approximated by CaoX2^ hence we have a 
polynomial growth which can be handled by a weighted homogeneous con- 
troller as in PB] , 

To deal with both linear and polynomial terms we introduce a generalization of 
weighted homogeneity which highlights the fact that a function becomes homoge- 
neous as the state tends to the origin or to infinity but with different weights and 
degrees. 

The paper is organized as follows. Section [2] is devoted to general properties 
related to homogeneity. After giving the definition of homogeneous approximation 
we introduce homogeneous in the bi-limit functions and vector fields (Section 12. ip 
and list some of their properties (Section 12. 2p . Various results concerning stability 
and robustness for homogeneous in the bi-limit vector fields are given in Section 12.31 
In Section [3] we introduce a novel recursive observer design method for a chain of 
integrator. Section d] is devoted to the homogeneous in the bi-limit state feedback. 
Finally, in Section [SI using the previous tools we establish new results on stabilization 
by output feedback. 

Notation. 

• M+ denotes the set [0,-|-cx3). 

• For any non-negative real number r the function w > w'' is defined as : 

(1.4) w'' = aign{w)\w\'^ , e M. 
According to this definition : 

(1.5) — — = rlwl^^^ , = w\w\ , {wi > W2 and r > 0) w[ > . 
aw 

• The function Sj : M+ is defined as 

(1.6) Ha,b) = ^[1+b]. 

1 + a 

• Given r = (ri, . . . ,r„)-^ in M" and A in M+, A''oa; — {X^^ xi, . . . , A''" Xn)'^ is 
the dilation of a vector x in K" with weight r. Note that : 

X{ o (A2 ox) = (Ai A2)'' o X . 

• Given r = (ri,...,r„)^ in (M+ \ {0})", \x\r = + ... + \x„\^ is the 
homogeneous norm with weight r and degree I. Note that : 



|A'' O x\r = A \x\r 
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Given r in (K+ \ {0})", S,. = {x G K" | |a;|,, = 1} is the unity homogeneous 
sphere. Note that each x in R" can be decomposed in polar coordinates, i.e. 
there exist A in M_|- and 6 in Sr satisfying : 



A = 



1 



o X . 



(1.7) X = A'' o e with 

2. Homogeneous approximation. 

2.1. Definitions. The use of homogeneous approximations has a long history 
in the study of stability of an equilibrium. It can be traced back to Lyapunov first 
order approximation theorem and has been pursued by many authors, for example 
Massera [16] , Hahn [8] , Hermes [9] , Rosier [29] . Similarly this technique has been used 
to investigate the behavior of the solutions of dynamical systems at infinity, see for 
instance Lefschetz in [M] IX. 5] and Orsi, Praly and Mareels in [20]. In this section, 
we recall the definitions of homogeneous approximation at the origin and at infinity 
and restate and/or complete some related results. 
Definition 2.1 (Homogeneity in the 0-hmit). 
• A function (p : M" ^ M is said homogeneous in the 0-limit with associated 
triple {rQ,do,4>o), where tq in (R-|_ \ {0})" is the weight, do in M_|_ the degree 
and 4>o : — > R the approximating function, if (j) is continuous, c/jq is 
continuous and not identically zero and, for each compact set C in R" \ {0} 
and each e > 0, there exists Xq such that : 



max 



^(X^-ox) 



< e , V A e (0,Ao] 



• A vector field f = X)"=i ^^'^'^ homogeneous in the 0-limit with asso- 
ciated triple (ro,i)o,/o); where ro in (R+ \ {0})" is the weight, Oo ™ IK *s the 
degree and fo = X]"=i /o,i^ the approximating vector field, if, for each i in 
{1, . . . ,n}, do + ro.i > and the function fi is homogeneous in the 0-limit 
with associated triple {ro,do + fo,ij/o,j)- 

This notion of local approximation of a function or of a vector field can be found 
in [21 [291 [21 do]. 

Example 2.2 : The function 62 : R — > R introduced in the illustrative system 
(jl.ip is homogeneous in the 0-limit with associated triple (rg, do, 62,0) = (1,9,00X2). 
Furthermore, if g < 2 the vector field /(xi, X2) = {x2, 52{x2)) is homogeneous in the 
0-limit with associated triple : 

(2.1) iro,do,fo) = ((2-g,l), g-1, (a;2,cox^)) . 

Definition 2.3 (Homogeneity in the 00-limit). 

• A function (p : R" R is said homogeneous in the 00-limit with associated 
triple {roo,doo,4>oo), where roo in (R+ \ {0})" is the weight, doc in R+ the 
degree and (poo '■ IK" —* IK the approximating function, if (p is continuous, (poo 
is continuous and not identically zero and, for each compact set C in R" \ {0} 
and each e > 0, there exists Xoo such that : 



max 

sec 



(/)(A'^~ ox) 

■ - (Poo{x) 



< e , V A > Ao 
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• A vector field f = X]r=i homogeneous in the oo-limit with as- 

sociated triple (^00, Ooo, /oo), where r^o in (M^ \ {0})" is the weight, in 
M the degree and f^o — X]"=i /oo,i^- ^/le approximating vector field, if, for 
each i in {1, . . . , n}, doo + ^oo,i > anrf the function fi is homogeneous in 
the oo-limit with associated triple (roo,i)oo + roa.i, foo,i)- 

Example 2.4 : The function S2 : M ^ M given in the iUustrative system is 
homogeneous in the 00-hmit with associated triple (roo, doo, <52,oo) = (1, Pi CooX^)- 
Furthermore, when p < 2, the vector field f{xi,X2) = {x2, S2{x2)) is homogeneous 
in the cxD-limit with associated triple : 

(2.2) (rcx), foo, /oo) = ((2-p, l),p- 1, (a;2,Cooa;2)) • 



Definition 2.5 (Homogeneity in the bi-hmit). A function cf) : M" ^ R for a 
vector field f : M" — > R"^ is said homogeneous in the bi-limit if it is homogeneous in 
the Q-limit and homogeneous in the oo-limit. 

Remark 2.6 : If a fimction (f) (respectively a vector field /) is homogeneous in the 
bi-limit, then the approximating function 0o or (f>oo (resp. the approximating vector 
field /o or /oo) is homogeneous in the standard sens (0 (with the same weight and 
degree). 

Example 2.7 : As a consequence of Examples l2.2l and l2.41 the vector field f{xi, X2) = 
(2:2, (52 (0:2)) is homogeneous in the bi-limit with associated triples given in (|2.f p and 
(|2.2[) as long as < g < p < 2. 

Example 2.8 : The function x ^ + \x\f^, where (do, doo) are in and (rg, foo) 
are in (R+\{0})^" is homogeneous in the bi-limit with associated triples (ro, do, 
and (^oo, doo, provided that 

(2.3) ^ ^ ^ {l,...,n}. 

^00, i ^0,i 



Example 2.9 : We recall equation (|1.6p and consider two homogeneous and positive 
definite functions (j>o : M" and (poo '■ K-" K.-|_ with weights {ro,roo) in 

(M+ \ {0})2" and degrees {do, doo) in (M+ \ {0})^. The function x ^ ^{(l)o{x), (f>oo{x)) 
is positive definite and homogeneous in the bi-limit with associated triples (ro, do, 0o) 
and (^oo, doo, 4'oo)- This way to construct a homogeneous in the bi-limit fimction from 
two positive definite homogenous functions is extensively used in the paper. 

2.2. Properties of homogeneous approximations. To begin with note that 
the weight and degree of an homogeneous in the 0-(resp. oo-)limit function are not 
uniquely defined. Indeed, if (/) is homogeneous in the 0-(rcsp. C!0-)limit with associated 



'^This is proved noting that, for all x in R" and all fi in \ {0}, 

</.o(M"«oa;) 1 </.(A'-oo(Ai'-o ox)) cj,{{\i,Y'> ox) 

; = — uni ; = urn ; = (po[x) 

and similarly for the homogeneous in the oo-limit. 
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triple (ro, doi 0o) (resp. (too, rfoo? 4>oo)), then it is also homogeneous in the 0-(resp. oo- 
)limit with associated triple {k tq^ k (Iq, (j)Q) (resp. (fc Too, fc rfooi 0oo)) foi' a-U k > 0. 
(Simply change A in A'^.) 

It is straightforward to show that if (j) and C are two functions homogeneous in 
the 0-(resp. cxD-)limit, with weights r^.o and ri^.o (resp. r^^oo and r^^oo), degrees d^^ 
and d^.o (resp. d^^oo and d^.oo), and approximating functions (/>o and Co (resp. (/>oo 
and Coo) then the following holds. 

PI : If there exists k in M_|_ such that kr^^Q = r^_o (resp. kr^_oo = ^Coo) then 
the function x i— *■ (^{x) C,{x) is homogeneous in the 0-(resp. cxj-)limit with 
weight r^^Oj degree fcd^^o + c^c.o (resp. r^,oo, k d^^oo + di^,oo) and approximating 
function X (/>o(a;) Co(2;) (resp. x (l>oo{x) Cooix))- 
P2 : If, for each j in {1, . . . ,n}, ^ < ^ (resp. ^ > then the 

function x i-^ (t>ix) + (^(x) is homogeneous in the 0-(resp. oo-)limit with 
degree d^^, weight r^,o (resp. d^,oo and r^,oo) and approximating function 
X 4'oix) (resp. X i— > ^00(2;)). In this case we say that the function 
dominates the function C in the 0- limit (resp. in the 00-limit). 
P3 : If the function (f>Q + Co (resp. (j)oo + Coo) is not identically zero and, for each 
j in {!,..., n}, = (resp. = -^<^), then the function 

X t— (/)(x) + C(a^) is homogeneous in the 0-(resp. oo-)limit with degree d^^, 
weight r^fi (resp. d^^oo, "^41,00) and approximating function x 1— > </)o(x) + Co{x) 
(resp. X 1-^ (/>oo(a;) +Coo(2^))- 
Some properties of the composition or inverse of functions are given in the following 
two propositions, the proofs of which are given in Appendices \X\ and IB] 

Proposition 2.10 (Composition hmction). If (j) : R" ^ R and C : M ^ R 
are homogeneous in the 0-(resp. 00-) limit functions, with weights r^^g andr^fl (resp. 
r^^oo and rQ^oo), degrees d^^o > and dij^o > (resp. d^^oo > and d^^ao > Oj, and 
approximating functions (f>o and Co (resp. (poo and Coo j ; then C. o (j) is homogeneous in 
the 0-(resp. 00-limit) with weight r^ o (resp. r^ ao), degree (resp. c.°° <i>,<x> 

and approximating function Co ° 4'o (resp. Coo ° 4>oo)- 

Proposition 2.11 (Inverse function). Let cj) : R ^ M 6e a bijective homogeneous 
in the Q-(resp. 00-) limit function with associated triple (l, do, V'o a;''") with (po and 
do > (resp. (^l,doo,<foox'^°°) with ^poo 7^ and c?oo ^0^. Then the iTiveTse fufictioTi 
: M. ^ is a homogeneous in the 0-(resp. oo-) limit function with associated 

Despite the existence of well-known results concerning the derivative of a homo- 
geneous function, it is not possible to say anything, in general, when dealing with 
homogeneity in the limit. For example the function 

(j){x) = x^ + x^ sin(x^) + x^ sin(l/x) + x^ , x £ R , 

is homogeneous in the bi-limit with associated triples : 

(l,2,x2) , (l,3,x3) . 

However its derivative is neither homogeneous in the 0- limit nor in the cx}-limit. Nev- 
ertheless the following result holds, the proof of which is elementary. 

Proposition 2.12 (Integral function). // the function (j) : M" ^ R is homoge- 
neous in the 0-(resp. oo-)limit with associated triple (ro, do, (f'o) (resp. {roc, doc, 4>oo) ), 
then the function $i(x) = Jj^ ' 0(xi, . . . , Xi_i, s, Xi+i, . . . , x„) ds is homogeneous 
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in the 0-(resp. oo-)limit with associated triple {rQ,do + 7'o,i, $1,0) (resp. (rooj^cxj + 
roo.i,^i.oo)), with^^fi{x) = J^' (f>o{xi, . . . ,Xi-i, s, Xi+i, . . . ,x„) ds (resp. ^i,ooix) = 
/o^' 0oo(a;i, . . . , Xi-i, s, Xi+i, . . . ,Xn) ds) . 

By exploiting the definition of homogeneity in the bi-Hmit it is possible to es- 
tablish results which are straightforward extensions of well-known results based on 
the standard notion of homogeneity. These results are given as corollaries of a key 
technical lemma, the proof of which is given in Appendix [Cl 

Lemma 2.13 (Key technical lemma). Let ri : R" -> R and 7 : R" M+ be 
two functions homogeneous in the bi-limit, with weights and r^o, degrees do and 
doo , and approximating functions, rjQ and rjoo , and, 70 and such that the following 
holds : 

{ a; G R" \ {0} : 7(2;) = } C { a; £ R" : t]{x) < } , 

{ X e R" \ {0} : 7o(a;) = } C { a; £ R" : r]a{x) < } , 

{ a;GR"\{0} : 7,3,(x) =0 } C { a; £ R" : 7?oo(a;) < } . 

Then there exists a real number c* such that, for all c > c* , and for all x in R" \ {0} ; 

(2.4) 77(a;) - C7(a;) < , 77o(.t) - C7o(a;) < , 7700(2;) - c 700 (a;) < . 



Example 2.14 : To illustrate the importance of this Lemma, consider, for (a;i,a:2) in 
R^, the functions 

r]{xi,X2) = X1X2 - \xi\ "-i , 7(2^1: 3^2) = 12:21 , 

with Ti > and, r2 > 0, They arc homogeneous in the standard sense and therefore in 
the bi-limit, with same weight r = (ri, r2) and same degree d = ri + r2. Furthermore 
the function 7 takes positive values and for all (a;i,a::2) in {(a;i,a;2) G R^ \ {0} : 
7(0:1, 3:2) = 0} we have 

r]{xi,X2) = -\xi\ ^1 < . 

So Lemma 12.131 yields the existence of a positive real number c* , such that for all 
c > €*, we have : 

(2.5) xia;2 - |a;i|^^ - c|a;2|^^ < V(a:i, ^2) G R^ \ {0} . 

This is a generalization of the procedure known as the completion of the squares in 
which however the constant c| is not specified. 

Corollary 2.15. Let </> : R" — > R and ( : R" ^ R_|_ be two homogeneous in the 
bi-limit functions with the same weights tq and r^o, degrees d^^, d^^oo o-nd (i^,o, rfc.oc 
and approximating functions rjQ, (jy^o and (^q, Coo- If the degrees satisfy d^ Q > and 
d-tp^oo ^ c^c.oo functions C, Cq and are positive definite then there exists a 

positive real number c satisfying : 

0(x) < cC{x) , Va; G R" . 
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Proof : Consider the two functions 



r]{x) := (f){x)+({x) , 7(x) := ({x) . 

By property P2 (or PjH) in Subscction l2.21 they arc homogeneous in the bi-hmit with 
degrees d^^ and d/^^oo- The function 7 and its homogeneous approximations being 
positive definite, all assumptions of Lemma [2.131 are satisfied. Therefore there exists 
a positive real number c such that : 

C7(x) > 77(x) > cl){x) Va:e]R"\{0}. 

Finally, by continuity of the functions (j) and C at zero, wc can obtain the claim. □ 

2.3. Stability and homogeneous approximation. A very basic property of 
asymptotic stability is its robustness. This fact was already known to Lyapunov 
who proposed his second method, (local) asymptotic stability of an equilibrium is 
established by looking at the first order approximation of the system. The case of 
local homogeneous approximations of higher degree has been investigated by Massera 
[TB], Hermes [S] and Rosier p9j . 

Proposition 2.16 ([29]). Consider a homogeneous in the 0-limit vector field 
f : M" R" with associated triple (fOi5o,/o)- If the origin of the system : 

i = fo{x) 

is locally asymptotically stable then the origin of 

X = fix) 

is locally asymptotically stable. 

Consequently, a natural strategy to ensure local asymptotic stability of an equi- 
librium of a system is to design a stabilizing homogeneous control law for the homo- 
geneous approximation in the 0-limit (see [9l I13i [5] for instance). 

Example 2.17 : Consider the system ()1.1|) with q ~ 1 and p > q, and the linear 
control law : 

U = -(co + 1) X2 - Xi . 

The closed loop vector field is homogeneous in the 0-limit with degree Oq = 0, 
weight (1, 1) (i.e. we are in the linear case) and associated vector field /o(a;i,a;2) = 
{x2, ~xi — X2)^ ■ Selecting the Lyapunov fimction of degree two : 

Vo{xi,X2) = + ^ \X2 + Xi\'^ , 

yields : 

^(a;)/o(a;) = - \x2 + xil^ . 

It follows, from Lyapunov second method, that the control law locally asymptotically 
stabilizes the equilibrium of the system. Furthermore, local asymptotic stability is 

^If <f}o(^) + Co{x) = 0, respectively 4>°o{^) + = 0, the proof can be completed replacing f 

with 2C. 
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preserved in the presenee of any perturbation which does not change the approximat- 
ing homogeneous function, i.e., in the presence of perturbations which are dominated 
by the hnear part (see Point P2 in Section [221) • 

In the context of homogeneity in the oo-hmit, we have the foUowing result. 

Proposition 2.18. Consider a homogeneous in the oo-limit vector field f : 
M" R" with associated triple (^oo, Oqo, /oo)- If the origin of the system : 



is globally asymptotically stable then there exists an invariant compact subset o/M", 
denoted Coo, which is globally asymptotically stabl^ for the system : 

X = f{x) . 

The proof of the proposition is given in Appendix [Dl 

As in the case of homogeneity in the 0-hmit, this property can be used to design 
a feedback ensuring boundedness of solutions. 

Example 2.19 : Consider the system p.ip with < q < p < 2 and the control law : 
1 p-i p / 1 \ P 



(2.6) 



P 



X2 



X2 



^1 



This control law is such that the closed loop vector field is homogeneous in the oo- 
limit with degree doc = p — 1, weight (2—p, 1) and associated vector field foo{xi^ X2) = 



X2, 



1 2-p 



X2 



. For the homogeneous Lyapunov func- 



tion of degree two : 

Voa[xi,X2) 



we get 



dx 



■{x) foo{x) 



\Xl\ 



p+1 



X2 



X2 



p-i-i 



It follows that the control law (j2.6|) guarantees boundedness of the solutions of the 
closed loop system. Furthermore, boundedness of solutions is preserved in the presence 
of any perturbation which does not change the approximating homogeneous function 
in the oo-limit, i.e. in the presence of perturbations which are negligible with respect 
to the dominant homogeneous part (see Point P2 in Section [2T2|) . 

The key step in the proof of Propositions 12 . 16l and 12 . 18l is the converse Lyapunov 
theorem given by Rosier in [29]. This result can also be extended to the case of 
homogeneity in the bi- limit. 

Theorem 2.20 (Homogeneous in the bi-limit Lyapunov functions). Consider 
a homogeneous in the bi-limit vector field f : M" —^ R", with associated triples 
(''cxD, foo, /oo) and (ro,Oo,/o) such that the origins of the systems : 



(2.7) 



fix) 



fooix) 



fo{x) 



^ See 1341 for the definition of global asymptotical stability for invariant compact sets. 
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are globally asymptotically stable equilibria. Let dy^ and c?vb ^6 ^^(^^ numbers such 
that dy^ > niaxi<i<„ r^ j and dy^ > maxi<i<„ rQ j . Then there exists a , positive 
definite and proper function V : M" M+ such that, for each i in {1, . . . , n}, the func- 
tions X I— > is homogeneous in the bi-limit with associated triples ^rg, dvb ~ ^0,i7 §7^) 

and {rooidy^ — raoj, and the function x l^i^) f{^)' ^ foi^) and 

X I— > ^^^{x) foc,{x) are negative definite. 

The proof is given in Appendix [E] A direct consequence of this result is an Input- 
to-State Stabihty (ISS) property with respect to disturbances (see [31]). To illustrate 
this property, consider the system with exogenous disturbance 6 = {Si, . . . , Sm) in 
R™ : 

(2.8) x = fix,S), 

with / : R" X R™ a continuous vector field homogeneous in the bi-limit with associated 
triples {'i)o,{ro,Xo), fo) and (Ooo, (^'oo, ^oo), /oo) where Vq and too in (R+\{0})™ are the 
weights associated to the disturbance 5. 

Corollary 2.21 (ISS Property). If the origins of the systems : 

x^f{x,0) , i = /o(x, 0) , X = fooix^O) 

are globally asymptotically stable equilibria, then under the hypotheses of Theorem 
\2.20\ the function V given by Theorem [EM satisfied for all d ^ (di, . . . ,5™) in R™ 
and X in R" ; 

— (X)/(X,<5) < ~Cyf)\V{x) '-'0 ,Vix) 
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(2.9) +c,^i: |<5,| 

where cy and C5 are positive real numbers. 

In other words, system p.Sp with 5 as input is ISS. The proof of this corollary is given 
in Appendix IfI 

Finally, we have also the following small-gain result for homogeneous in the bi- 
limit vector fields. 

Corollary 2.22 (Small-Gain). Under the hypotheses of Corollary \2.21l there 
exists a real number cg > such that, for each class JC function and JCC function 
Ps, there exists a class ICC function (5x such that, for each function t G [0, T) 1— > 
{x{t),5{t),z{t)), T < +00, with X and S and z continuous, which satisfies, both 
on [0, T) and, for allO<s<t<T, 



S<K<.t 

we have 

(2.12) \x{t)\<P,{\{x{s),z{.s))\,t^s) 0<s<t<T. 



(2.10) \z{t)\<maxll3s(\z{s)\,t-s'), sup 7,(|a:;(K)|) 

(2.11) \SM<m^x{ps(\z{s)\,t-s),CG sup {\x{k)\11- ,\x{k)\1^-)} \ , 



''The function is defined in I II.6I I. 



The proof is given in Appendix [Gl 



Example 2.23 : An interesting case whieh can be dealt with by Corollary 12.221 is 
when the Si^s are outputs of auxiliary systems with state Zi in R"', i.e : 

(2.13) 6i{t) := 6i{z^{t),x{t)) , Zi = gi{zt,x) . 

It can be checked that the bounds (|2.11|) and (|2.10p are satisfied by all the solutions 
of (|2.8p and (|2.13p if there exist positive definite and radially unbounded functions 
Zi : K"' —>■ M+, class /C functions toi, loi and tJs, a positive real number e in (0, 1) 
such that for all x in M", for alH in {1, . . . , m} and Zi in M"% we have : 

dZ 

\8i{zi,x)\ < uji{x) + uj2{Zi{zi)) , -—-^{zt)g.i{zi,x) < -Zi{zi) + lu^QxI) , 

oz{ 

a;i(x)+c^2([l + e]^3(|x|)) < cg^ . 



Another important result exploiting Theorem 12.201 deals with finite time conver- 
gence of solutions to the origin when this is a globally asymptotically stable equilib- 
rium (see [4]). It is well known that when the origin of the homogeneous approxi- 
mation in the 0-limit is globally asymptotically stable and with a strictly negative 
degree then solutions converge to the origin in finite time (see [3]). We extend this 
result by showing that if, furthermore the origin of the homogeneous approximation 
in the oo-limit is globally asymptotically stable with strictly positive degree then the 
convergence time doesn't depend on the initial condition. This is expressed by the 
following corollary. 

Corollary 2.24 (Uniform and Finite Time Convergence). Under the hypotheses 
of Theorem \2.20[ if we have > > Do, then all solutions of the system x = f{x) 
converge in finite time to the origin, uniformly in the initial condition. 

The proof is given in Appendix [HI 

3. Recursive observer design for a chain of integrators. The notion of ho- 
mogeneity in the bi-limit is instrumental to introduce a new observer design method. 
Throughout this section we consider a chain of integrators, with state X„ = {xi , . . . , a'„) 
in M", namely : 

(3.1) Xi = X2 T ■ . ■ T Xn — u or in compact form X„ — iS„ X„ -I- BnU , 

where iS„ is the shift matrix of order n, i.e. 5^ X„ = (a'2, . . . , 0)"^ and i?„ = 
(0, . . . , 0, 1)"^. By selecting arbitrary vector field degrees and Doo in TT^t) ' 
see that, to possibly obtain homogeneity in the bi-limit of the associated vector field, 
we must choose the weights rg = (?'o,i7 ■ ■ ■ , fa.n) and roo = (?'oo.i, ■ • ■ , '^oo.n) as : 

2) ''0^" = ^ ' = ^0.^+1 ^ = 1 - Oo (n - i) , 

^oo,n 1 : ^oo,i — ^oo 1 ^oc (^^ ^) • 

The goal of this section is to introduce a global homogeneous in the bi-limit observer 
for the system (|3.ip . This design follows a recursive method, which constitutes one of 
the main contribution of this paper. 
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The idea of designing an observer recursively starting from and going back- 
wards towards Xi is not new. It can be found for instance in [551 [23 HSl 1301 ISSj ) and 
[71 Lemma 6.2.1]). Nevertheless, the procedure we propose is new, and extends to the 
homogeneous in the bi-limit case the results in [231 Lemmas 1 and 2] . 

Also, as opposed to what is proposed in [28 ll26pl . this observer is an exact observer 
(with any input u) for a chain of integrators. The observer is given by the systerr|f| : 

(3.3) X,i = 5„X„ + Bnu + Ki{xi-xi) 

with state X„ = {xi, . . . , Xn), and where Ki : M" M" is a homogeneous in the 
bi-limit vector field with weights rg and Too, and degrees Oq a-nd doc- The output 
injection 

vector field 

Ki has to be selected such that the origin is a globally asymptotically stable 
equilibrium for the system : 



(3.4) El = SnEi + Kiiei) , = (ei,...e. 



and also for its homogeneous approximations. The construction of A'l is performed 
via a recursive procedure whose induction argument is as follows. 
Consider the system on R"~* given by : 

(3.5) £'j+i = Sn-i Ei+i + K.t+i{ei+i) , E^+i = (e^+i, . . . , e„)^ , 

with Sn^i the shift matrix of order n — i, i.e. S„-iEi^i = ■ ■ ■ ,e„,0)"^, and 

A'i+i : M"~' R"^' a homogeneous in the bi-limit vector field, whose associated 
triples are ((ro,j+i, . . . , ro,„), Oq, A'i+i^o) and ((r 

Theorem 3.1 (Homogeneous in the bi-limit observer design). Consider the sys- 
tem iS. 5\} and its homogeneous approximation at infinity and around the origin : 

Ei+i = Sn-i -Ei+i + A'i+i^o(ei+i) , -Ei+i = Sn-i -Ei+i + Ai+i^oo(ei+i) ■ 

Suppose the origin is a globally asymptotically stable equilibrium for these systems. 
Then there exists a homogeneous in the bi-limit vector field Ki : R"^*+^ — > R"^'+^, 
with associated triples {{raj, . . . , ro,„), JIq, ATi^p) and {{raaj, ■ ■ ■ , roo.n), f oo, ATj^oo), such 
that the origin is a globally asymptotically stable equilibrium for the systems : 



(3.6) 



E., 


— Sn- 


Ei - 








E, 


= Sn- 


-i+i Ei - 


hA''j^o(ei) , 


El = (cj, . . 


■ J 6n) 


E^ 


= Sn- 


-i+l Ei - 


l~ ^i.OQ ) • 







Proof : We prove this result in two steps. First we define an homogeneous in the 
bi-limit Lyapunov function. Then we construct the vector field Ki, depending on a 
parameter i which, if sufficiently large, renders negative definite the derivative of this 
Lyapunov function along the solutions of the system. 



^Note the term Xi in (3.15) of 1281 for instance. 

''To simplify the presentation, we use the compact notation Ki{xi — Xi) for what should be 
Ki{xi -Xi,0...,0). 
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1. Definition of the Lyapunov function : Let and dwa^ be positive real 
numbers satisfying : 

(3.7) dwo > 2 maxi<j< „ ro j + do , dw^^ > 2 niaxi<j< „ Too j + f oo , 
and 

(3.8) dw^ ^ dw^^ 

The selection p.2p implies ro.j + Oo > and Tooj + Ooo > for each j in {1, . . . , n}. 
Hence, 

dwo > max roj- , > max Ttxjj- , 

and we can invoke Theorem l2.20l for the system p.4p and its homogeneous approxima- 
tions given in (jS.Sp . This implies that there exists a C^, positive definite and proper 
function Wi+i : R"^* such that, for each j in {i + 1, . . . , n}, the function — — 



is homogeneous in the bi-limit with associated triples ^(ro,j;+i, . . . , ro^n), dwo ~ ''Oj j 

and (^(rocv+i, • ■ • , '"oo,n), dw^ - TooJ, ■ Moreover, for aU E-^+i e R""* \ {0}, 

we have : 

^^(-B^+i) (5„_,-B,+i + AVi(e.+i)) < , 
(3.9) ^^±M(£;^^^) {Sn-^E,+l + A-+i,o(e.+i)) < , 

^^;^''°° (g^+i) (5„_,i;,+i +X,+i.oo(e.+i)) < . 
Consider the function (/^ : R ^ M defined as : 

Is|<l, 



dW, + i,o 



(3.10) q,is) = <^ + . 



s +^^^^ , s >1 



Since we have < ro,i + and < Vao.i + f oo , this function is well defined and 
continuous on R, strictly increasing and onto, and on R \ {0}. Furthermore, it is 
by construction homogeneous in the bi-limit with approximating continuous functions 



''0,i+°0 



s and — —s "'•^•^ . The inverse function of qi is defined as : 



_ ) V ''O'i I I I — ro,i 



By dm the function : 

(3.11) s ^ qr\s) '-0-^ + q-\s) ^^.^ 

'Wq -^0 



is homogeneous in the bi-limit with associated approximating functions ( lUii+^ig j o.'+'o 



and "-oo.i+ooc ^ Furthermore, by (|3.7[) . it is on R and its derivative is 
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homogeneous in the bi-hmit with continuous approximating functions 



• '■Wq -^''O.i -°0 



Let aUi : R"-*+i ^ M+ be defined by 

W,{E,+i,s) - VK,+i(£;,+i) + / (h 

jQi ^(ei + i) V 
„-l 



- Ur'(ez+i) +g-'(e»+i) 

This function is and by (|3.8p , Proposition 12.121 yields that it is homogeneous 
the bi-limit with weights {rQj+i, . . . ,ro,„) and {rao,i+i, ■ ■ ■ ,''oo,n) for -Ei+i, ro^i and 
foo.i for s, and degrees dwo and dvi^oo- Furthermore, for each j in {« + 1, . . . ,n}, the 
functions ^^{Ei+i, s) are also homogeneous in the bi-limit with the f"'^" 
and degrees — fo,i and div,^ ~ ^ooj - 

2. Construction of the vector field K 

j„c„„ 4-i,„ i- — c„ij f . mri — j , Ttcn — j „,, 



dh 



dh. 



m 



same weights, 
Given a positive real number £, we 



define the vector field Ki : 

K-(e-) - ( 

By Propositions 1 2 . 1 Ol and the properties we have established lui yj, ^ 
neous in the bi-limit vector field. We show now that selecting i large enough yields 
the asymptotic stability properties. To begin with, note that for all Ei = {Ei^i,ei) 
in M"~' : 

dW,{E+i,ee,) ^ ^ T,iE,+,Je,) - m{E,+,,ie,) , 

oEi 

with the functions Ti and T2 defined as : 



Ti(£;,+ i,l?,) = —^{E,+ i,di) {Sn-^E,+ ^+K,+ ^{q,{^,))) , 



These functions are homogeneous in the bi-limit with weights (r'txj.i, . ■ . , J'cxj.n) and 
(ro,i, . . . , 7*0, degrees Oo + and Ooo + ^Woo : continuous approximating functions 



and 
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As the function q^^ is continuous, strictly increasing and onto, the function 



has a unique zero at Qii'&i) = ei_|_i and has the same sign as qi{'&i) — Si^i. It foUows 
that : 

On the other hand, for aU Ei ^ 0, 

Ti(i;,+i,gri(e,^i)) = ^^(i;^^,) (5„_, + if,+i(e,+i)) < . 



Hence p.9p yields : 

eM"-*+i\{0} : T2(£;,+i,t?,) = O} 

C eR"-*+i : Ti{E,+i,d,) < 0} . 

By following the same argument, it can be shown that this property holds also for the 
homogeneous approximations, i.e. : 

{(-B.+i,^?,) eM"-*+i\{0} : T2fl{Er+u^r) = 0} 

C GK"-'+i : n.oiEt+u^t) < 0} , 

eM"-*+i\{0} : T2,^{E,+i,d,) = 0} 

C { t?,) eK"-''+i : Ti^^{E,+ud,) < 0} . 

Therefore, by Lemma r2.131 there exists £* such that, for all £ > £* and all ^i) ^ 

: 

Ti{E,+i,d,) - £T2{E,+u'dt)<Q , 
Ti,o{E,+,,d,) - £T2fl{E,+ud,) < , 
Ti^^{E,+i,d,) - £T2^^{E,+i,d,) < . 

This implies that the origin is a globally asymptotically stable equilibrium of the 
systems p.6p . 

which concludes the proof. □ 
To construct the function Ki, which defines the observer (|3.3p . it is sufficient to 
iterate the construction proposed in Theorem 13.11 starting from 

K (f \ - - i 1^ (^ne„)^+°" , \£nen\ < 1 , 

where £„ is any strictly positive positive real number. Indeed, is a homogeneous 
in the bi-limit vector field with approximating fmictions -ftr,i.o(e,i) = i+sjg (^nen)^^'" 
and Kn,oo{en) = — {£nSn)^^^°° ■ This selection implies that 
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the origin is a globally asymptotically stable of the systems e„ = i^„(e„), 
e„ = Kn^oicn) and e„ = /•4r„,oo(e„). 

Consequently the assumptions of Theorem l3.1l are satisfied for i + 1 = n. We can 
apply it recursively up to z = 1 obtaining the vector field Ki. 

As a result of this procedure we obtain a homogeneous in the bi-limit observer 
which globally asymptotically observes the state of the system p.ip . and also the 
state for its homogeneous approximations around the origin and at infinity. In other 
word, 

the origin is a globally asymptotically stable equilibrium of the systems 

(3.12) El = SnEi + Ki{ei) , Ei = SnEi + Kis>{ei) , Ei = SnEi + /u,oo(ei) . 

Remark 3.2 : Note that when < Oq < foo, we have 1 < !M±«£ < ''°°-'+°°° for 
i = I . . . ,n and we can replace the function qi in (j3.10p by the simpler function : 

which has been used already in [1] . 

Example 3.3 : Consider a chain of integrators of dimension two, with the following 
weights and degrees : 

(ro,Tio) = ((2-g,l), l) , (r^o, c)oo) = ((2-p,l),p-l 

When q > p (i.e. Oq ^ ^oo), by following the above recursive observer design we 
obtain two positive real numbers £i and £2 such that the system : 

Xi = X2-qi{£iei), X2 = u - q2{£2 qiihei)) , , ei = Xi-y. 

with, 

..... j-,^' J^I<1 j{2-q)s^ ,\s\<l 

[p^ +q~p ' Pl ^ [{2~p)s^-p +p-q , |s| > 1 

is a global observer for the system Xi = X2 , X2 = u , y = Xi. Furthermore, 
its homogeneous approximations around the origin and at infinity are also global 
observers for the same system. 

4. Recursive design of a homogeneous in the bi-limit state feedback. It 

is well-known that the system (|3.1|) can be rendered homogeneous by using a sta- 
bilizing homogeneous state feedback which can be designed by backstepping (see 
[2TI [25l [T9I [26l [33l [To] for instance). We show in this section that this property 
can be extended to the case of homogeneity in the bi-limit. More precisely, we show 
that there exists a homogeneous in the bi-limit function </>„ such that the system p.ip 
with u = (/)„(X„) is homogeneous in the bi-limit, with weights and Vao and degrees 
do and Doo- Furthermore, its origin and the origin of the approximating systems in 
the 0-limit and in the cxD-limit are globally asymptotically stable equilibria. 
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To design the state feedback we follow the approach of Praly and Mazenc [25] . To 
this end; consider the auxiliary system with state Xi ~ (a'i, . . . , a',) in R*, 1 < i < n, 
and dynamics : 

(4.1) Xi = X2 , ■ ■ ■ , Xi = u or in compact form Xi = SiXi + BiU . 

where u is the input in R, Si is the shift matrix of order i i.e. iS^ Xi = {x2, . . . , Xi, 0)^, 
and Bi = (0, . . . , 1)^ is in W . We show that, if there exists a homogeneous in the 
bi- limit stabilizing control law for the origin of the system (j4.ip , then there is one for 
the origin the system with state X^+i ~ {xi, . . . , Xi^i) in R*+-'^ defined by : 

(4.2) Xi ^ X2 , ■ ■ ■ , Xi+i = u , i.e. X,+i = X^+i + Bi+i u . 

Let Do and Doo be in (—1, :;^^) and consider the weights and degrees defined in (|3.2p . 

Theorem 4.1 (Homogeneous in the bi- limit backstepping) . Suppose there exists 
a homogeneous in the bi-limit function (pi : M' — » R with associated triples (rp , Do + 
T'o.ii 4>i,o) o.nd (roo,5oc + ^oo.h 0i,oo) such that the following holds. 

1. There exist ai > 1 such that the function ipi(Xi) = (j)i{Xi)°'' is and 
for each j in {!,..., i} the function is homogeneous in the bi-limit, 

with weights (ro,i, . . . , ro,,;), (roo.i, • ■ • , roc,i), degrees ai(ro,i + do) - roj and 
C(i{rcx>,i + ^oo) — i^oo,j and approximating functions ■ 

2. The origin is a globally asymptotically stable equilibrium of the systems : 

(^.3) Xi = SiXi~\~ Bi (j)i{Xi) , Xi — Si Xi -{- Bi (fti Q^Xi) , Xi ~ SiXi~\~Bi(j)i QQ(^Xi) . 



Then there exits a homogeneous in the bi-limit function (j>i+i : R*^"'^ R with 
associated triples (ro,5o + ''o,i+i, 0i+i,o) and {roci'Ooa + rtx),j:+i, ^i+i.oo) such that the 
same properties hold, i.e. 

1. There exists a real number a^+i > 1 such that the function tlJi+i{Xi+i) = 

(Xi+i)"*+^ is and for each j in {1, . . . , i + 1} the function ^g^.^ is 
homogeneous in the bi-limit with weights (ro,i, . . . ,ro^i+i), (?'oo,i, ■ • ■ ,Toc,i-i-i), 
degrees Q;i+i(ro i+i+Oo)— j o,nd ai+i {roo i+i+foo)— ''oo j and approximating 
f-^-i^ons *|±^. ' 

2. The origin 

is a globally asymptotically stable equilibrium of the systems 



(4.4) 

= Si+iXi+i + (/)i+i_oo(Xi+i) . 

Proof : We prove this result in three steps. First we construct a homogeneous in 
the bi-limit Lyapunov function, then we define a control law parametrized by a real 
number k. Finally we show that there exists k such that the time derivative, along the 
trajectories of the systems (j4.4p . of the Lyapunov function and of its approximating 
functions are negative definite. 

1. Construction of the Lyapunov function. Let dvo and dv^ be positive real 
numbers satisfying : 

(4.5) dvo > . max {roj} , rfv^ > . max Wooj} , 

•••,"} je{i, •••,"} 
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and 

(4.6) JY^ > + 

roD,i+i ''0,1+1 

With this selection, Theorem 12.201 gives the existence of a C^, proper and positive 
definite function : ^ R+ such that, for each j in {1, . . . , n}, the function 
is homogeneous in the bi-limit with weights (ro,i, . . . ,^0,^), {roo,i, ■ ■ ■ ,foo,i), degrees 
dvo — dv^ — ^oc.j, and approximating functions and . Moreover, we 

have for all G \ {0} : 

dV 

(4.7) [S^ X. + (/.,.o(X,)] < , 
dV 

— ^(X,) [5, X, + B, 0,.oo(X,)] < . 
Following |2T], consider the Lyapunov function Vi+i : M*+^ R+ defined by : 

K:+l(X,;+i) = 1^,(X,) + / [h '■o.+i - 0.(X,) "O-'+i ] dh 



+ / U '■—+1 - (/),(X,) d/l . 

This function is positive definite and proper. Furthermore, as dy^ and dvg satisfy 
(|4.6|) we have : 

dv^ — roD.i+i ^ dvo — To,i+i ^ ^ -, 

'■ > > Q!i > 1 . 

rocA+l ''0,1+1 

The function ipi{Xi) = 0i(Xi)"' being C^, this inequality yields that the function Vi+i 
is C"'^ . Finally, for each j in {1, . . . ,n}, the function is homogeneous in the 

bi-limit with associated triples 

((j-Q.i, ■ • ■ ,?'o,i+i),dvo - ro^j, ((^oo,i, ■ • ■ jToci+Oidv^ - roo.j, ^^;^';°° ) 

2. Definition of the control law : Recall p.6p and consider the function ■0i+i ■ 
K'+i ^ E defined by : 

V'.+i(X,+i) = -fc / 55 Isr-^^-'-o.'+i Md5, 







where /c, in M+, is a design parameter and ai+i is selected as 

. J «i ''O.i+l Cti ''oo.i+l , 

ftj+i > max < '■ , '■ ,1 

L5o+ro,i+i Ooo + 7'oo,t+r 

takes values with the same sign as Xi+i — (f>i(Xi), it is and, by Proposition 
I2.12( it is homogeneous in the bi-limit. Furthermore, by Proposition I2.10[ for each 
j in {1, . . . , z + 1}, the function ^q^.^ is homogeneous in the bi-limit, with weights 
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(''o,!' ■ ■ ■ :''o,i+i), (^'oo,!' ■ • ■ ,^oo,i+i), dcgrees a^+i(ro,i+i +Oo) -roj and a,+i{r^^i+i + 
foo) — i~oc,j and approximating functions ■ With this at hand, we 

choose the control law 4'i+i as : 
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3. Selection of k. Note that : 
dV 

(4.8) — ^ — (Xi+i) [Si+iXi+i + Bi+i(j)i+i{Xi+i)] = Ti(Xi+i) - fcT2(Xj+i) 

with the functions Ti and T2 defined as : 
dV- 1 

Ti{Xi-i-i) = gjg. (-^'+1) [SiXi + BiXi+i)] 



By definition of homogeneity in the bi-limit and Proposition 12.101 these functions 
are homogeneous in the bi-limit with weights (ro,i, . . . , rg.i+i) and (rod, ■ • ■ , Too,i+i), 
and degrees dvo + fo and dy^ +foo- Moreover, since 4>i+i(Xi+i) has the same sign as 
Xij^i — (piiXi), T2(Xi+i) is non-negative for all X^+i in W'^^ and as 4>i+i{'^i+i) = 
only if x^+i - = we get : 

T2(Xi+i) = =^ x,+i = (?!)i(Xi) , 

Xi+i = (^i(Xi) =^ Ti(Xi+i) = ^^(Xi) [5i Xi -I- i3i(/)i(Xi)] . 



Consequently, equations (|4.7p yield : 

{X.+1 G M'+i \ {0} : r2(X,+i) =0} C {X,+i e : Ti(X,+i) < O} . 

The same implication holds for the homogeneous approximations of the two functions 
at infinity and around the origin, i.e. 

{X,+i G M'+i \ {0} : r2,o(X,+i) = 0} C {X,+i G K'+i : Ti,o(X,+i) < 0} , 
{X,+i G M'+i \ {0} : r2,oc(X,+i) =0} C {X.+i G : Ti,oo(X,+i) < 0} . 

Hence, by Lemma [2.131 there exists fc* > such that, for all k > k*, we have for all 
: 

9V +1 

i^i+i) Xi+i + i?i+i(/)i+i(Xi+i)] < , 



(3Xi-|-i 

dXi+i 



i^i+i) [Si+i Xi+i + i3i+i0i+i,o(Xi+i)] < , 
(Xi+i) [Si+i Xi+i + -Bi+i'/'i+i,oo(Xi+i)] < . 



This implies that the origin is a globally asymptotically stable equilibrium of the 
systems (|4.4p . □ 
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To construct the function it is sufficient to iterate the construction in Theorem 
14.11 starting from 

1 f^^ ( '•0,2 ^ '•00,2 

with fci > 0. 

At the end of the recursive procedure, we have that the origin is a globally asymp- 
totically stable equilibrium of the systems : 

(4.9) tS^ I3ji (f^n.oi^n) : 

Xn — *5n Xn ~t~ Bji (/^n,oo(*^n) ■ 



Remark 4.2 : Note that if Oo ^ and > 0, then wc can select Ui = 1 for all 
1 < i < n and if i)o < and Ooo > fo wc can select — . Finally if Ooo < and 
fn > fno wc can select a, = . 



Remark 4.3 : As in the observer design, when do < Ooo, we have ^"'^g^^^" < 

'•oo.i + l + O 



for i = 1 . . . ,n and we can replace the function ipi by the simpler function : 

''0+'^0,i + l 



(4.10) ^.+i(X,+i) = -k (^l^f^i - 0,(X,)"-r'^' °"-"-+^ 

Finally if < 5o < foo, taking = 1 (see Remark 142)) and 0(Xi+i) = Vi+i(-£i+i) 
as defined in (|4.10p , we recover the design in [T] . 

Example 4.4 : Consider a chain of integrators of dimension two with weights and 
degrees : 

(ro, Tio) = ((2-g,l), 9- 1) , (roo, Ooo) = ((2-p,l),p- 1) , 

with 2 > p > q > 0. Given ki > 0, using the proposed backstepping procedure we 
obtain a positive real number k2 such that the feedback : 

(4.11) 02(^1,^2) = -fc2 / ' '\ {\sr\\s\P-') ds, 

Jo 

with 0i(a'i) = — /si fi\ \s\^ , \ s\^ 1 ds renders the origin a globally asymptoti- 
cally stable equilibrium of the closed loop system. Furthermore, as a consequence of 
the robustness result in Corollarv l2.221 there is a positive real number cg such that, if 
the positive real numbers |co| and |coo| associated with (5^ in (|1.2p arc smaller than cq, 
then the control law 02 globally asymptotically stabilizes the origin of system (|l.ip . 

5. Application to nonlinear output feedback design. 

5.1. Results on output feedback. The tools presented in the previous sections 
can be used to derive two new results on stabilization by output feedback for the 

19 



origin of nonlinear systems. The output feedback is designed for a simple chain of 
integrators : 



(5.1) i = SnX + BnU , y ^ Xi , 

where x is in R", y is the output in M, u is the control input in M. It is then shown 
to be adequate to solve the output feedback stabilization problem for the origin of 
systems for which this chain of integrators can be considered as the dominant part of 
the dynamics. Such a domination approach has a long history. 

It is the corner stone of the results in [12] (see also [27]) where a linear controller 
was introduced to deal with a nonlinear systems. This approach has also been followed 
with nonlinear controller in [22j and more recently in combination with weighted 
homogeneity in [351 123 EH] and references therein. 

In the context of homogeneity in the bi- limit, wc use it exploiting the proposed 
backstcpping and recursive observer designs. Following the idea introduced by Qian 
in [55] (see also [H]), the output feedback we proposed is given by : 

(5.2) Xn = L (SnXn + BnC/jni^n) + Ki{xi - Xi)j , U = L"0„(J„), 

with Xn in R" and where and Ki are continuous functions and L is a positive 
real number. Employing the recursive procedure given in Sections [3] and [4l we get the 
following theorem whose proof is in section 15.21 

Theorem 5.1. For every real numbers do and doo, in :;^~[^ > there exist a 
homogeneous in the bi-limit function (pn ■ M with associated triples (ro, 1 + 

foi^n.o) fl'^'^ (foo,l + foo,0n,oo) md a homogcncous in the bi-limit vector field Ki : 
R" with associated triples (rg, Sq, /vi.q) and (^oo, Oqo, isTi^oo) such that for all 
real number L > the origin 

is a globally asymptotically stable equilibrium of the system i5.1]) and i5.2\) and 
of its homogeneous approximations. 

We can then apply Corollarv l2.22l to get an output feedback result for nonlinear 
systems described by : 

(5.3) X — SnX + BnU + S{t) , y = xi , 

where 5 : R+ R" is a continuous function related to the solutions as described in 
the two Corollaries below and proved in section 15.21 Depending on wether Og < foo 
or < 5o wc get an output feedback result for systems in Feedback or Feedforward 
form. 

Corollary 5.2 (Feedback- form) . //, in the design of 0„ and Ki, we select 
5o < fcx); then for every positive real numbers Cq and Coo there exist a real number 
L* > such that for every L in [L*,+oo), the following holds : 

For every class IC function 7^ and class ICC function Ps we can find two class ICC 
functions (3^ and such that, for each function t G [0, T) ^ (a;(t), Xn(t), (5(t), z{t)), 
T < +00, with (.T,X„) and 6 and z continuous, which satisfies i5.3\) . \5.2\) . and 
for i in {1, . . . , ??} and < s < t < T , 

\z{t)\ < max|/35(^|z(s)|,t- , sup,<^<j7^(|x(k)|)| , 
\Si{t)\ < max|/3i(^|z(s)|,t- s^, 
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l-Oo(n-i-l) ,^ ^ l-Ooo(n-i-l) 

l-Boo(n-3) 



(5.4) sup <! Co \xj{K)\ i-»ot"-j) + Coo ^ |a;j(K) 



we have for all < s < t < T : 

\xit)\ < f34\{x{s),Xnis),z{s))\,t-s) , |i„(i)| < /3£(|(x(s),X„(s),z(s))|,t-s) . 

Corollary 5.3 (Feedforward form). //, in the design of <j)n and Ki, we select 
foo < fo; then for every positive real numbers cq and Cao, there exists a real number 
L* > such that for every L in (0, L*], the following holds : 

For every class IC function 7^ and class ICC function (3s we can find two class ICC 
functions and P^, such that, for each function t G [0,T) 1-^ (x(t), X„(t), (5(t), z(i)), 
T < +00, with {x,Xn) and S and z continuous, which satisfies Ii5.3\) . i5.S\) . and 
for i in {1, . . . , n} and < s < t < T, 

\z{t)\ < maxlps{\zis)\,t-s^, sup 72(|a;(K)|) I , 
\5^{t)\ < max<' /35(|z(s)|,i-s), 



l-ao(re-i-l) i-aoo(n-i-l) 

1-!.oo(ti-3) 



(5.5) sup \ cq Y i-°o("-^> + Coo ^ 

3=1+2 3=1+2 



S<K<t 



then we have for all < s < t < T : 

\xit)\ </3,(|(a;(s),i„(s),z(s))|,i-s) , |i„(t)| < Pi{\{x{s),Xn{s), z{s))\,t - s) 



Example 5.4 : Following example 12.231 we can consider the case where the Si's are 
outputs of auxiliary systems given in (j2.13p . Suppose there exist n positive definite 
and radially unbounded functions Zi : R"' R_|-, three class K. functions wi, LJ2 ^3, 
and a positive real number e in (0, 1) such that : 

dZ 

\Si{zi,x)\ < uji{x) + uj2iZi{zt)) , -—-^{z^)gi{zi,x) < ~Zi{zi) + lu3{\x\) , 

OZi 

then, if there exist two real number Oq and doo satisfying — 1 < fo < Ooo < and 
{5.6)^^{x)+uj2{[l + e]u,{\x\))< I ^|x,|"-o("-)' + ^| 



\Xj\ l-OooCn-j) 



then Corollary (|5.2p gives i* > such that for all L in [L* , +c»), the output feedback 
(|5.2p is globally asymptotically stabilizing. Compared to already published results 
(see [m and [55], for instance), the novelty is in the simultaneous presence of the 



terms \xj\ i-oo("-j) and \xj\ . 
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On the other hand if there exists two real number 3o ^^'^ ^oo satisfying — 1 < 
foo < f < ;7rT and 

(n n 
2^ \Xj\ i-"o("-.) + 2^ = 

then Corollary (|5.3p gives _L* > such that for all _L in (0, L*], the output feedback 
(|5.2p is globally asymptotically stabilizing. 

Example 5.5 : Consider the illustrative system (jl.ip . The bound (|5.6p gives the 
condition : 

(5.7) < q < p < 2 . 

This is almost the least conservative condition we can obtain with the domination 
approach. Specifically, it is shown in |18| that, when p > 2, there is no stabilizing 
output feedback. However, whenp = 2, (|5.6p is not satisfied although the stabilization 
problem is solvable (see [H]). 

By Corollary 12. 24[ when (|5.7p holds, the output feedback 

Xl = LX2 ~ Lqi{£iei) , 
u = L^(t)2ixi,X2) , { X2 = ^ ^ L q2i£2 qiihei)) , 

ei = Xi-y . 

with ii, £2, 4>2, qi and q2 defined in (|3.13p and (|4.1ip with picking Oq in (—1,(7 — 1] 
and Doo in [p — 1, 1), globally asymptotically stabilizes the origin of the system (|l.ip . 
with L is chosen sufficiently large. Furthermore, if is chosen strictly negative and 
Ooo strictly positive, by Corollarv l2.241 convergence to the origin occurs in finite time, 
uniformly in the initial conditions. 

Example 5.6 : To illustrate the feedforward result consider the systerr0 : 

ii = 2^2 + a^l + 2 , ±2 = , X3 = u , z = -z +2:3, y = Xl . 
For any e > 0, there exists a class ICC function such that : 

\z{t)\^ < meix\(3s{\z{s)\,t- s), (1 + e) sup \x3{K)\i 

L S<K<t 
3 

Therefore by letting Si = x| we get, for all < s < t < T on the time of existence 
of the solutions : 

\Siit)\ < max\f3si\z{s)\,t- s), sup (1 + e)|x3(K)|3 + {xsinjl^ 

[_ S<K<t 

This is inequality (|5.5p with = — ^ and Ooo = j- Consequently, CoroUarv 15.31 savs 
that it is possible to design a globally asymptotically stabilizing output feedback. 



Recall the notation 1 11. 41 1. 
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5.2. Proofs of output feedback results. 
Proof of Theorem 15.11 : The homogeneous in the bi-hmit state feedback (/)„ and the 
homogeneous in the bi-hmit vector field Ki involved in this feedback are obtained by 
following the procedures given in Sections [3] and |4l They are such that the origins is 
a globally asymptotically stable equilibrium of the systems given in (|4.9p and (|3.12p . 
To this end, as in [26], we write the dynamics of this system in the coordinates 
X„ = (a'i, . . . , Xn) and Ei = (ei, . . . , e„) and in the time r defined by : 



d 



1 d 
L dt 




Xn = 5„ X„ + i?„(/)„(X„)) + A'i(ei) 
El = SnEi+Ki{ei) 



(5.8) 

This yields : 
(5.9) 

-r ^1 = ^nl 
\ dr 

with El = (ei, . . . , e„), X„ = {xi, . . . , Xn)- The right hand side of (|5.9p is a vector 
field which is homogeneous in the bi-limit with weights (('"Oi'^o); (''oo, ''oo))- 

Given djj > maxjjroj, rooj}, by applying Theorem 12.201 twice, we get two C^, 
proper and positive definite functions V : R" — > R+ and W : R" — » M+ such that 
for each i in {1, . . . ,n}, the functions and are homogeneous in the bi-limit, 
with weights rg and Too, degrees du — ro.i and du — r^os and approximating functions 
1^: W Moreover, for aU X„ ^ : 



dX 



(5.10) 



and for all Ei ^ Q 



dXn 



{Xn) Sn Xn + Bn4>nfl{Xn) 



(Xn) Sn Xn + Bn(j>n,oo (X„) 



< 

< 

< 



(5.11) 



dW 
dE^ 
dWp 

dEi 



(El) (Sn El + Ki{ei)) < 



{El) {Sn El + Ki,o{ei)) < 
{El) {Sn El + K\^{ei)) < 



Consider now the Lyapunov function candidate : 
(5.12) U{Xn,Ei) = V{Xn) + cW{Ei) 

where c is a positive real number to be specified. Let : 

dV 



■q{Xn,Ei) 
l{Ei) = 



ax. 

dW 



dEi 



{SnXn+ Bn(t>n{Xn) + Ki{ei) 

{Ei){SnEi + Ki{ei)) . 
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These two functions are continuous and homogeneous in the bi-limit with associ- 
ated triples {{ro,ro),du + do,r]o), {{rcx>, roo), du + 'Ooo,Voo) and {{rn,rn),du +5o,7o), 
((''oo, ''00)7 du + foo,7oo), where 70, 700 and rjQ, r/00 are continuous functions. Further- 
more, by (|5.11[) . 7(i?i) is negative definite. Hence, by (|5.10p . we have : 

{(X„,Si) eM^n^lOl . = 0} c {(x„,^i)eM2n . ^(x„,^i) < 0} , 

{(X„,^i) gR2"\{0} : joiEi) = 0} C {(X„,^i)eK2n . ^^(x„,^i) < o} , 
{(X„,Si) eR2"\{0} : 7oo(£;i) = 0} C {(X„,^i) eK^n . ^^(x„,Si) < 0} . 

Consequently, by Lemma l2.131 there exists a positive real number c* such that, for all 
c > c* and all (X„, Ei) ^ (0, 0), the Lyapunov function U, defined in (|5.12p . satisfies : 

(X„,i?i) (5„X„ -I- i?„(/)„(X„) -I- Ki{ei 



dU - 

— (X„,Si)(^i)(5„^i + A'i(ei)) < 

O-tji 



and the same holds for the homogeneous approximations in the 0-limit and in the 
cxD-limit, hence the claim. □ 

Proof of Corollary 15.21 : We write the dynamics of the svstem [573l in the coordinates 
X„ and El and in the time r given in (|5.8p . This yields : 



(5.13) 
with : 



Sr,Ei+Ki{ei) + D(i) 



5l_ 5n 



We denote the solution of this system starting from (X„(0), i?i (0)) in R^" at time r 
by (X^_„(T),i;^_i(T)). We have : 

(5.14) x,{t) = L'-i {Xr,,iLt) - er,^{Lt)) . 

The right hand side of (|5.13p is a vector field which is homogeneous in the bi-limit with 
weights ((ro,ro), (roo,roo)) for {Xn,Ei) and (to, Too) for D{L) where ro,i = tq^^ +'0o 
and Xoo,i = foci + foo for each i in {1, . . . , n}. 

The time function t i— > is considered as an input and when S(L) = 0, 

Theorem 15 . 1 1 implies global asymptotic stability of the origin of the system ()5.13p and 
of its homogeneous approximations. To complete the proof we show that there exists 
L* such that the "input" S)(L) satisfies the small-gain condition (|2.1ip of Corollary 
12.221 for all L > L* . Using equations ()5.8p and ()5.14p . assumption ()5.4p becomes, for 
all < cr < r < LT, and all z in {1, . . . , n} : 



Hi)\ 

L' 



<max|i/3,(|z(f))|,^) 
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l--Ooo("-i-l) 



(5.15) +CooE;=i |i^^"'H^r,,W-erj('^))| 

Note that when 1 < j < i < n the function s i— > is strictly increasing, 

mapping (-1, in ( ^"^l . , ). As JIq < 3oo < ;73T, we have for aU 1 < j < 



i < n : 



1 — ()o('T. — j — 1) ^ 1 — Oool'T- ~ * ~ 1) i 



l-5o(n-j) l-^)oo(?^-j) 
Hence, selecting L > 1, there exists a real number e > such that : 

This implies 



6^ii)\ . r 1 



< max < -r-(3, 



^5 



4) 



' L 



i-ao(Ti-i-i) 

i"'sup^<^<^ <^ CoELl l(-*rj(K) -e^j(K))| i-=o(-.) 



On the other hand, the function 



3 



is homogeneous in the bi-limit with weights (ro,ro) and (7'oo,?'oo) and degrees 1 — 
J)o(« — i — 1) = ro,i + ^0 and 1 — f)oo(?^ ^ * ^ 1) = TooA + f 00 (see p.2p '). Hence, by 
Corollary 12. 151 there exists a positive real number ci such that : 

(5.16) < cii3(i(x„,i?i)ij;+;YJ(a.,i?i)i(-+;:f) . 

Hence, by Corollary 12.221 fapplicd in the r time-scale), there exists cg, such that for 
any L* large enough such that ciL*^^ < cg, the conclusion holds. □ 



Proof of Corollary 15.31 : The proof is similar to the previous one with the only 
difference that, when i and j satisfy 3<i + 2<j<n, the function s ^ ^7-(K-j)^s'' 

is strictly decreasing mapping (^^1, ;izrr) (j^' n+i-j ) • Moreover the condition 
— 1 < Ooo < 5o < gives the inequalities 

l-5oc("-i-l) ^ 1 - c)o(n - i - 1) ^ i 



l-5oo(?^-j) l-c)o(7^-j) j-1 
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Hence (|5.16p holds and by selecting L < 1 we obtain the existence of a positive real 
number e such that : 



From (|5.5p . this yields, for all < cr < t < LT . and alH in {1, . . . , n} : : 



< max < — -Bx 



L' 



l-Oo(n-i-l) 



From Corollary [2^221 the result holds for all L* small enough to satisfy ciL*'^ < cq- 
□ 

6. Conclusion. We have presented two new tools that can be useful in nonlinear 
control design. The first one is introduced to formalize the notion of homogeneous 
approximation valid both at the origin and at infinity. With this formalism we have 
given several novel results concerning asymptotic stability, robustness analysis and 
also finite time convergence (uniformly in the initial conditions). The second one is 
a new recursive design for an observer for a chain of integrators. The combination of 
these two tools allows to obtain a new result on stabilization by output feedback for 
systems whose dominant homogeneous in the bi-limit part is a chain of integrators. 

Acknowledgments. The second author is extremely grateful to Wilfrid Pcrru- 
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homogeneity in the bi-limit. Also, all the authors would like to thank the anonymous 
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the paper. 



Appendix A. Proof of Proposition 12.101 We give only the proof in the 0- 
limit case since the oo-limit case is similar. Let C be an arbitrary compact subset of 
M" \ {0} and e any strictly positive real number. By definition of homogeneity in the 
0-limit, there exists Ai > such that we have : 



A"**." 



' 00 (a;) 



< 1 



Vx G C , VA e (0,Ai] 



Hence, as 0o is a continuous function on R", for all A in (0,Ai], the function x i— *■ 
"^^^""^"^^ takes its values in a compact set = (j)o{C) + Bi where Bi is the unity 
ball. ' 

Now, as C,Q is continuous on the compact subset C^, it is uniformly continuous, 
i.e. there exists v > Q such that : 



\Zl - Z2\ < V 

Also there exists /ie > satisfying : 



< e 



ICo(^i) -Co(^;2)l < e 



V z e , e (0, //e] , 
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or equivalcntly. since q > : 



< e 



V z e C0 , VA e 0, /i, 



Similarly, there exits such that 



A'^^.o 



(j)o{x) 



It follows that : 
(((/'(A''*-" ox)) 



Co (00 (a;)) 



A "^.0 



< 



< f , VxeC, VA e (0, Ai.] 



Ci<j){X''f'° o x)) |^(/)(A'^*.° ox) 



A "i'O 



y A'**'" 



Co r ^C0(</'0(^)) 



\^ A'**" 

<2e , Vx S C, VA G mill Ai, Ajy, ^£ 



This establishes homogeneity in the 0-limit of the function C ° 0- 

Appendix B. Proof of Proposition 12.111 We give only the proof in the 0- 
limit case since the oo-limit case is similar. The function (f) being a bijeetion, we can 
assume without loss of generality that it is a strictly increasing function (otherwise 
we take —4>)- This together with homogeneity in the 0-limit, imply that (po is strictly 
positive. Moreover, for each S > 0, there exists to{5) > such that : 



<^(0 

By letting A = (j^it), this gives : 
A 



< ,5 , Vie iO,to{6)] . 



VA e (O,0(io(^))] , V5 > . 
Since for S < ipQ the term on the left is strictly positive, these inequalities give : 
1 \^ <^"VA) / 1 



•Po + S 



< ^ < 

X^o 



, VA e (0,0-1 (io(<5))], V<5 G (0,^o) 



Then since the function S ^ ( yo-i5 ) " continuous at zero, for every ei > 0, there 
exists <5i(ei) > satisfying 



1 \ do 



- ei < 



This yields : 



1 



^0 + ^i(ei) 



< 



1 



^0 - 6i{ei) 



< 



1 \ do 



r^A) 



X-'o 



1 \ ''o 



< ei 
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VAe (0,A_(ei)] 



with A_(ei) = 0(to(5i(ei)))- With a similar argument we get : 

r^(-A) 



VAe (0,A+(ei) 



for some A+ > 0. Let Aq = min{A_, A+}. 
Now, for X and A > 0, wc have : 



\X\ "0 



(/)-i(Ax) 



Therefore, for any compact set C of 
we have : 



and therefore ; 

(l)-^{Xx) 



(xX) ''o 

and any e > 0, by letting ei 



Ao(ei) 





maxaiec \x\ " 



< |Aa;| < Ao (ei) VA e 0, 



maxj;gc m 



, Vx e C 



A-^o 



< e 



VA e 



Aq (ei) 
maxxec \x\ 



VxeC . 



This establishes homogeneity in the 0-limit of the function ^ . 

Appendix C. Proof of Lemma l2.13i The proof of this lemma is divided into 
three parts. 

1. We first show, by contradiction, that there exists a real number cq satisfying : 

Vo{0) - C7o(0) < yee Sr, , Vc > co . 

Suppose there is no such cq. This means there is a sequence (0i)igN in ^ro 
which satisfies : 



- l-fom > 



The sequence (0i)igN lives in a compact set. Thus we can extract a convergent 
subsequence )^gN which converges to a point denoted ^oo • 
As the functions 770 and 70 are bounded on Sro and 70 takes non-negative 
valuefl 7o(^if ) niust go to as ii goes to infinity. Since the functions 770 and 
7o are continuous, we get 70(^00) = and 770(6*00) > 0, which is impossible. 
Consequently, there exist cq and Eq > such that : 

(C.l) 770(0) - C7o(0) < -£o < V0 G Sr, , Vc > Co . 

Moreover, since the functions t^o and 70 are homogeneous in the standard 
sense (see Remark l2.6p . we have the second inequality in (|2.4[) . 



^Indeed, if wc had 70(2;) < for some x in R" \ {0}, by letting e = — '^"^^^ , the homogeneity in 
the 0-limit of 7 would give a real number A > satisfying ''^'^ dg^'' ^ 70 (^) + £ = ^"g^^ < 0. This 
contradicts the fact that 7 takes nonnegative values only. Also by continuity we have 70 (0) > 0. 
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Following the same argument, we can find positive real numbers Cqo and 
such that : 

(C.2) r,^{e) - cjooiO) < -£00 V0e5,^ , Vc > Coo 

and the third inequality in (|2.4p holds. 
In the following, let : 

ci ^ max{co,Coo} , £1 = min{£o,£oo} • 

2. Since rj and 7 are homogeneous in the 0-limit, there exists Aq such that, for 
all A e (0, Aq] and all 6 G 5^ , we have : 

v{X^"o9) < X''"M0) + X""'-^ , A*'7o(^) - < 7(A'^«o0) , 

4 4ci 

which gives readily 

r/(A'"«o6') - ci7(A''"o6') < A''"??o(6') + A*' y - ciA*' 70(61) . 
Using (jC.ip . we get 

7](A'^° 06) - ci 7(A''« 06) < -A''" ^ VA e (0, Ao] , V6I e fi-^^ , 
and therefore, since 7 takes non negative values, 

?7(A'"° 0)- c 7(A''" od) < -A* y , VA e (0, Ao] , V6' e S-^.^ , Vc > ci . 
Similarly, there exists X^o satisfying : 

?7(A''~o6i)-c7(A''=°oe') < -A'^-y VA e [Aoo,+oo) , W9 G Sr^ , Vc > ci . 

Consequently, for each c > ci, the set 

{x G M" \ {0} I 77(x) - C7(a;) > 0} , 
if not empty, must be a subset of 

C = {a; G R" : |a;|^„ > Ao} |J {x G K" : \x\r^ < Xoo} • 

which is compact and does not contain the origin. 

3. Suppose now that for all c the first inequality in (|2.4p is not true, this means 
that, for all integer c larger then ci there exists Xc in R" satisfying : 

V{xc) - cj{xc) > 

and therefore x^ is in C. Since C is a compact set, there is a convergent 
subsequence (xcJ^eN which converges to a point denoted x* different from 
zero. And as above, we must have 7(x*) = and ri{x*) > 0. But this 
contradicts the assumption, namely 

{ X G M" \ {0} , 7(2;) = } ^ r]{x) < . 
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Appendix D. Proof of Proposition 12.181 Because the vector field / is ho- 
mogeneous in the cx)-limit, its approximating vector field /oo is homogeneous in the 
standard sense (see Remark 12. 6p . Let dy^ be a positive real number larger than 
roo,i, for all i in {1, . . . , n}. Following Rosier [29j, there exists a C^, positive definite, 
proper and homogeneous function Voo : M" , with weight r^c and degree dvoo j 

satisfying : 

BV 

(D.l) -^{x)foc{x) < , Wx ^ 0. 

From Point PI in Section [2?2l we know that the function x t-^ ^^^{x)f{x) is homo- 
geneous in the oo-limit with associated triple (toc'Ooo + dy^, ^^^ix)foa{x)). Let 

and note that, by inequality (jP.ip . Cao is a strictly positive real number. By definition 
of homogeneity in the cxo-limit. there exists Aoo such that : 



This yields : 



< Coo V6' e Sr^ , VA > Ac 



< _ A'^^- yO e Sr^ , VA > Aoo 

or in other words : 

(D.2) ^(a;) /(;;,) < Q , V X l \x\r.^ > Aoo • 

This establishes global asymptotic stability of the compact set : 

Coo = {a; : Voc{x) < Voo} , 

where Woo is given by : 

Woo = max {V^oo(a;)} . 

Appendix E. Proof of Theorem I2.20i The proof is divided in three steps. 
First, we define three Lyapunov functions Vb, Vm and Voo- Then we build another 
Lyapunov function V from these three ones. Finally we show that its derivative along 
the trajectories of the system p.7p and its homogeneous approximations are negative 
definite. 

1 . As established in the proof of Proposition I2.18[ there exist a positive real 
number Aoo and a positive definite, proper and homogeneous function 
Voc ■ R" R+, with weight and degree dy^ satisfying (jD.2p . Similarly, 
there exist a number Ag > and a positive definite, proper and homoge- 
neous function Vq : K" — *■ M+, with weight t-q and degree dvo, satisfying : 

BV 

(E.l) (^)/(^) < ' : < \xl, < Ao . 
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Finally, global asymptotic stability of the origin of the system x = f{x) 
implies the existence of a C^, positive definite and proper function V„i : 
R" -> M+ satisfying : 



(E.2) 



dVm 

dx 



{x)fix) < , Va; ^ 



2. Now we build a function V from the functions Vm, Voo and Vq. For this, we 
follow a technique used by Mazenc in [Ij (see also [Hj). Let ■^oo and ■^o be 
two strictly positive real numbers such that vq < Voo and 



Vq < min Vm{x) 

x: \x\rQ > Ao 



This implies : 



{xeR" : > Voo} C {.tgR" : \x\r^ > Xoo} 

{x e E" : VM < «o} C {x e : \x\r„ < Aq} . 

Let ujQ and lUoo be defined as : 

V„i {x) 



Uq = mm 

x: 1 vo<V^{x)<vo Vo{x) 

We have : 

'^oo "l^o (a::) - "141(2;) > 
V„,ix) - cjoI^o(-t) > 

Let : 



Vrnix) 

max — 

x:v^<V^{x)<2v.:^ Voo[X) 



Wx : Voo < V„i{x) <2Voo , 
Vx : ^VO < Vm{x) < Vq . 



V{x) = OJoo'PooiVmix))Vca{x) + 

[1 - ipoo{Vm{x))] (po(y„i{x)) V„i{x) +U!a [1 - ipo{Vm{x))] Vo{x) 

where (po and (poo are non decreasing functions satisfying : 



1 



(E.3) ipo{s) = Vs<-vo , ipo{s) 



1 Vs > Wo . 

(E.4) ipoo{s) = Vs<Uoo , ^oo{s) = 1 Vs > 2Woo ■ 
Then is C^, positive definite and proper. Moreover, by construction : 
a;oVb(x) Vx : Vm{x) < ^vq , 

(pQiVjnix))Vm{x) +UJo [I ~ ipQ(Vm{x))] Vo{x) 

Mx : < V„i{x) < vo , 

V{x) = { Vrnix) Vx : Vq < Vnix) < Voo , 

Woo foo {Vra{x))Vooix) + [1 - (^oo (Kn (x) )] Vn{x) 

Wx : Voo < Vm{x) < 2Voo , 



. t^oo Voo (x) 



\fx : Vm{x) > 2vo 



31 



Thus for each i in {1, . . . , n} : 

(E.5) -^{x) = i^oo^:-^{x) , Va; : Vm{x) > 2voc , 

OXi OXi 

and 

^^'^^ ^^^^ " ^"f^^^^ ' ■ ^""^^^ ^ ■ 

Since and are homogeneous in the standard sense, this proves that 
for each i in {1, . . . ,n}, is homogeneous in the bi-hmit, with weights rp 
and Too and degrees dy;, — 7'o,j and dy^ — roo.i- 
3. It remains to show that the Lie derivative of V along / is negative definite. 
To this end note that, for all x such that ^wq ^ Vmix) < wqi 

dV dV 

— = v',{VM)[VM~^oV,{x)]^{x)f{x) 

+ u;o[l~ MVmix))] -Q^{x)f{x) + ^^{yUx))^{x)f{x) 
and, for all x such that < Kn(2;) < 2?;oo, 

BV 

+ Woo <y5oo + [1 - Voo{V„,{x))] ^{x)f{x) 

By (|D.2p . (jE.ip . (|E.2p . (|E.3P and (jE.4p . these inequalities imply : 

< , Va- ^ 0. 

which proves the claim. 

Appendix F. Proof of Corollary 12.211 Recall equation (|1.6p and consider the 
functions 7]i : M" x R"' ^ R and 71 : R" x M™ ^ M+ defined as : 

These functions arc homogeneous in the bi-limit with weights tq and Too for x and to 
and too for 5 and degrees dvb +''0 and dy^ +000- Since the function x ^ ^{x) fix, 0) 
is negative definite, then : 

gR"+™\{0} : 7i(a-,(5) = 0} C {{x,5) eW"+"' : r]i{x,S) < 0} . 

Moreover, since the homogeneous approximations of 77 is negative definite, we get : 

{(x,(5) eR"+'" \{0} : iMx,S) = 0} C {(x,(5)eR"+" : mAx,S) < 0} 
{(.T,(5) eR"+™\{0} : ^i,oo{x,6) = 0} C {(.t, (5) e R"+" : m.oo{x,d) < 0} 

Hence, by Lemma 12.131 there exists a positive real number eg such that : 



(F.l) ^(.) 



/(x, S)-^f{x, 0) 
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Consider now the functions 772 : K" IR+ and 72 : M" — > defined as : 

They are homogeneous in the bi-hmit with weights tq and r^o and degrees dvb + 
and dv^ + ^00 ■ Since 72 and its homogeneous approximations are positive definite, 
by Corollarv l2.15[ there exists a positive real number cy such that : 

(F.2) __(a;)/(x,0) < ~cvS^\V{x) '-0 ,V{x) 



The two inequahties (jF.ip and (|F.2p yield the claim. 

Appendix G. Proof of Corollary I2.22i Let c?vb and dy^ be such that the 
assumption of Theorem 12.201 holds. For each i in {1, . . . , to}, let be 
the strictly increasing fimction defined as (see (|1.6p ) : 

(G.i) ^l,{s) = , 

where : 

Pi = , Qi = ■ 

We first prove that the inequality given by Corollarv l2 . 2 ll implics that the system (j2.8p , 
with 5 as input and x as output is input-to-state stable with a linear gain between 
and S) {^x'\'r°^'^'^° , |a;|r^~'''**'°° ^ To do so we introduce the function a : 



a{s) = i3 , s "^v,^ j , s > . 

This function is a bijection, strictly increasing, and homogeneous in the bi-limit with 

approximating functions s ''^0 and s . Moreover, from Proposition 12.101 

the function a; 1— > a{V{x)) is positive definite and homogeneous in the bi-limit with 
associated weights tq and r^o and degrees Dq + dvb and 5oo + dy^ ■ Moreover its 

''Vq +°0 '*Voo+°°° 

approximating homogeneous functions Vo{x) ''^'o and Vcxi{x) are positive 

definite as well. Hence, we get from Corollary 12.151 the existence of a positive real 
number ci satisfying : 

(G.2) i3(k|°°+'"Mx|'~+''"°°) < cia(T/(.T)) , WxeR". 

On the other hand, from inequality (|2.9[) in Corollary 12. 21[ we have the property : 
G M"xR™ : a{V{x)) > 2 ^ 

(G.3) C |(x,<S) e M" xR" : < ^^aiVix)) 
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In the following, let t G [0, T) t-^ {x{t), 6{t), z{t)), be any function which satisfies 
on [0, T) and (PTTU)) and (pUj) for aU < s < t < T. From we know the inclusion 
(|G.3|) implies the existence of a class JCC function f3v such that, for all < s < i < T, 

(GA) V{x{t)) < muxl /3v{V{x{s)),t - s) , sup i — V /^j(|(5j(k) 

With a acting on both sides of inequality (|G.4[) . (|G.2[) gives, for all < s < i < T, 




(G.5) < max < ci a o /3y (y(a;(s)), i — s) , — !— ^ sup < Mjd'^il'^)!) 

I Cv s<K<t I ^ 

This is the linear gain property required. To conclude the proof it remains to show 
the existence of cg such that a small gain property is satisfied. 

First, note that the hmction x ^) ^|a;|ro~'''^^° ) j is positive definite 

and homogeneous in the bi-limit with weights tq and rao , and degrees + dvo and 
5oo + dv^ ■ By Proposition l2.101 for i in {!,..., m} the same holds with the function 
X i-^ fJ-i {\x\loWx\l.'^'')) . Hence, by Corollary I2.15[ there exists a positive real 
number C2 satisfying : 



(G.6) m.(^(N;°„%n;-)) < c2io(N°^'^Mx 

Let C'i for i in {!,..., m} be the class /Coo functions defined as 

a{c) = maxjc"' ,cP'} + + 0^'+'^' . 

From (jG.l|) . we get. for each s > and c > 0, 



\/xe 



^ ^^ Jl + g^.)(l+cP'5P-) ^ 

^i(s) (l + sPOCl + CJ-s?-) - 

where : 

_ < niax|c«%cP'} , — < c'.+p. , < c'''+«' . 

Hence, by continuity at 0, we have : 

(G.7) ^i^ics) < C^ic)n^{s) V(c, s) G . 

Consider the positive real numbers Ci, C2, cg and cy previously introduced, and select 
Cg in K+ satisfying : 



(G.8) CG < min C'^ , ^ 

l<i<?ri \2mC1C2C5 

To show that such a selection for is appropriate, observe that by (|G.6p and (|G.7p 
and /ii acting on both sides of the inequality (|2.1ip , we get for each i in {!,..., m} 

and all < s < i < T, 
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^J■i{\Siit)\) < max|/^j o/35(|z(s)|,t - s) , 
Consequently : 

m 

> /i,;(|(5i(t)|) < max 7TI max {fii o (3g(^\z{s)\,t — s)} , 

^ — ^ L l<i<ra 
i=l 

(G.9) (mmaxi<i<,„Cj(cG)c2) sup^<^<j | (|a;(«:)|ro''''''''Ma;(«;)|r^'*'''"°' ) | | ■ 

Since ((08)) yields : 

m max Ci[CG)C2 < 1 , 

Cv l<i<?n 

the existence of the function follows from (|2.10p . (jG.Sp . (jG.9p and the (proof of 
the) small gain Theorem [llj . 

Appendix H. Proof of Corollary 12.241 To begin with observe that the con- 
tinuity of /o, at least, on R" \ {0} implies : 

|fo| = -5o < min ro.i < max ro^i < dvo ■ 

l<?<n l<i<n 

Then, let V be the function given in Theorem 12.201 and, since Oq < < Ooo, the func- 

tion 4>{x) — V{x) ''^0 + V{x) '^^'^ is homogeneous in the bi-limit with weights 

ro and Too, degrees dvg + f o and dy^ + 5oo and approximating functions V{x) ''^o 

and l^(a;) . Moreover, the function ((x) = —^{x)f{x) is homogeneous in 

the bi-limit with the same weights and degrees as cf). Furthermore, since the function 
C and its homogeneous approximations are positive definite. Corollary 12.151 yields a 
strictly positive real number c such that : 

(H.l) —(^x)!{x)<~c\V[x)~^^+V{x) j Va;eM". 

Let Xic in R" \ {0} be the initial condition of a solution of the system x = /(a;), and 
Vxi^ '■ R+ R+ be the function of time given by the evaluation of V along this 
solution. Then : 



from which we get : 

v.^At) < ^ 57— < ^^j^ vt>o 



^ct + Vix,,) 



Therefore, setting Ti = ^^y^, we have 



Ct 



14„W < 1 Vt > Ti , Vx,c eR" 
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and 



As a result, we get 



(t) < max <j ( - ^ c(t - Ti ) + (Ti ) ^'^i' ) ' ' , Q 



Ifol ^.\^'"" 



< max S ( 1 - c(i - Ti) ) , )• > Ti . 



Therefore, setting T2 = yields : 

v^^M =0 yt >T,+T2 = - + ^] , Vx.e e : 

c V ''00 |5i 

hence the claim. 
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